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The radial seismic normal mode 0S0 was strongly excited by the 2004 Mw = 9.3 Sumatra-Andaman earthquake
at a period of 20.5 min. In a spherically symmetric Earth model, 0S0 amplitude is the same everywhere on the
Earth’s surface. However, when the ellipticity and rotation of the Earth are taken into consideration, theoretical
computations predict an amplitude of 0S0 1% higher at the pole than at the equator. Based on a realistic three-
dimensional heterogeneous rotating elliptic Earth model, our predictions indicate that the amplitude of 0S0 is 2%
higher at the pole than at the equator. A longitude dependency of 0S0 amplitude is also shown. The analysis of
13 superconducting gravimeter (SG) records of the 2004 Sumatra-Andaman earthquake supports the predicted
geographical variations of 0S0 amplitude. We have also obtained new estimates for the frequency and Q of 0S0:
0.8146566±1.6 10−6 mHz and 5506±19.
Key words: Seismic radial mode 0S0, superconducting gravimeter, Sumatra-Andaman earthquake, lateral het-
erogeneities.
1. Introduction
After a strong excitation, such as an earthquake of a
magnitude larger than 6.5, the Earth vibrates like a bell
at different frequencies. These free oscillations are called
the normal modes of the Earth, and they exhibit strong
constraints on the Earth’s density structure (Resovsky and
Ritzwoller, 1998; Ishii and Tromp, 1999).
At the present time, 22 superconducting gravimeters
(SGs) are continuously recording the time-varying surface
gravity, and their measurements are collected in the frame-
work of the Global Geodynamics Project (GGP) (Crossley
et al., 1999) since 1997. The high-resolution, low-noise
level and stability of SGs at frequencies below 1 mHz (Van
Camp, 1999; Widmer-Schnidrig, 2003; Rosat et al., 2003,
2004) make these instruments suitable for the analysis of
the low-frequency seismic normal modes of the Earth. The
fundamental radial mode, 0S0, called the “breathing mode”
of the Earth, consists of an almost pure compression and
dilatation of the Earth with a PREM (Dziewonski and An-
derson, 1981) period of 20.5 min. The SG records are well
calibrated so they present a good opportunity to study the
normal modes amplitudes. In addition, the seismic mode
0S0 has a unique eigenfrequency as it does not split, as in the
case of an aspherical Earth. Therefore, its amplitude is free
from the beating of splitting singlets. The geographical pat-
tern of 0S0 amplitude can therefore be used to examine the
aspherical structures of the Earth. The strong excitation of
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0S0 after the 2004 Mw=9.3 Sumatra-Andaman earthquake
provides a unique opportunity to further study this radial
mode and to put new constraints on the Earth’s models.
In this paper, we ﬁrst present the 0S0 surface amplitude
predictions computed for a three-dimensional (3D) hetero-
geneous rotating elliptic Earth model. We then show that
the measured 0S0 amplitudes in 13 time-varying gravity SG
records conﬁrm the predicted geographical variations, and
we also give new estimates of 0S0 frequency and quality
factor. The differences between observation and theory are
discussed in the context of the results.
2. 0S0 Surface Amplitude Predictions
In a spherically symmetric non-rotating Earth model such
as PREM, the amplitude of 0S0 is the same everywhere
on the Earth’s surface. However, when the rotation and
ellipticity of the Earth is taken into account, the centrifugal
force and the ellipticity cause the 0S0 amplitude to have an
apparent latitude dependency. While the elliptical Earth is
oscillating at the period of 0S0, the gravimeter moves up
and down in the gravity ﬁeld of the Earth. In this condition,
the gravimeter records the free-air gravity change as well
as the inertial acceleration. The free-air gravity change is
2*A*g/R (Dahlen and Tromp, 1998) where R is the radius
of the Earth, g is the gravity and A is the motion amplitude
of 0S0. In the case of an elliptical rotating Earth model,
the dependencies of g and R with latitude make the vertical
gravity gradient smaller at the equator than at the pole. The
variations in latitude of 0S0 amplitude due to this effect
alone are expected to be of 0.5% at the most.
For a complete estimation of 0S0 surface amplitude vari-
ations, the coupling effect of 0S0 with other seismic modes
must also be considered. We have computed 0S0 ampli-
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Fig. 1. Geographical distribution of the predicted 0S0 amplitudes at the
Earth’s surface for a 3D SKS12WM13 rotating elliptic PREM model.
The amplitude is normalized by 0S0 amplitude for PREM. The white
triangles represent the SG sites used in this study.
tudes for a 3D rotating elliptic Earth based on a seismic
shear wave velocity model SKS12WM13 (Dziewonski et
al., 1997) for the whole mantle, including the crustal bound-
aries undulations (Woodhouse and Dziewonski, 1984) and
using a full coupling method. The SKS12WM13 veloc-
ity model is one of a group of models that describe a
seismological mantle model required to compute the nor-
mal modes of the Earth; these include the crustal cor-
rection model, the shear-wave and compressional veloc-
ity models and the density model. An additional advan-
tage of the SKS12WM13 velocity model is that it consid-
ers even and odd spherical harmonic order mantle struc-
tures. As we will show in following sections of this ar-
ticle, 0S0 strongly couples with the 0S5 mode through the
spherical harmonic degree-ﬁve order structures. Therefore,
the models limited to even order mantle structures are not
adequate to compute the coupling of 0S0. We have con-
structed the equation of motion of a rotating aspherical
Earth following Woodhouse (1980) and sought its eigen-
functions and eigenfrequencies. In this method, both spher-
ically symmetric and aspherical free oscillation problems
are included into a large-scale generalized non-Hermitian
eigenvalue problem (Watada et al., 1993; Deuss and Wood-
house, 2001) without assuming a ﬁducial frequency. As a
result, eigenfunctions and eigenfrequencies within a wide
frequency range are obtained simultaneously. A feature of
this method is that when the non-sphericity of the Earth ap-
proaches zero, the eigenfunctions and eigenfrequencies nat-
urally come close to those of a spherically symmetric Earth
model. In our computation, the Harvard CMT solution
(http://www.seismology.harvard.edu/CMTsearch.html) has
been adopted for the 2004 Sumatra-Andaman earthquake.
Note that the absolute amplitude of 0S0 is different for var-
ious source mechanisms but that its amplitude pattern re-
mains the same.
All 22 spheroidal and toroidal multiplet modes below
1.32 mHz have been included in the mode-coupling com-
putation. If we consider ﬁrst the case of a spherically sym-
metric rotating elliptic Earth, 0S0 strongly couples with the
harmonic degree-two 1S2, 0S2 and 2S2 modes - ordered by
strength of coupling - through the elliptic ﬁgure of the Earth
and with 1T1 through the Coriolis force. The coupling ef-
fect through the rotation and ellipticity results in the ampli-
tude of 0S0 being higher at the pole than at the equator by
(a)
(b)
Fig. 2. (a) Amplitude spectrum on 34 days and (b) observed 0S0 amplitude
measured each day, after the 2004 Sumatra earthquake at Canberra SG
site (revised from a ﬁgure by Y. Tamura).
1% (compare Fig. 4, case of a laterally homogeneous ro-
tating elliptic PREM model). When we introduce the lat-
eral heterogeneities, modeled by the seismic shear wave
SKS12WM13 model, 0S0 strongly couples to 0S5, which
is the closest multiplet in the frequency domain. 1S2, 1S3,
3S2 and 0S2 also couple to 0S0. In this case, we observe
both a latitude and longitude dependency of 0S0 amplitude
at the Earth’s surface. The geographical distribution of the
computed 0S0 amplitudes is given in Fig. 1. The difference
between the minimum and maximum amplitudes reaches
2%. Note that the dominant degree-ﬁve pattern is due to the
strong coupling of 0S0 with 0S5. Note also that the compu-
tation for the model SH12WM13 (Su et al., 1994) gives a
similar amplitude pattern of 0S0.
3. Observed 0S0 Amplitudes
The 2004 Sumatra-Andaman earthquake strongly excited
0S0 (compare Fig. 2(a), example at Canberra SG site), and
its amplitude decay could be observed up to the second
Sumatra event in March 2005 (compare Fig. 2(b), example
at Canberra SG site) at most SG sites that have a noise level
of a few 10−2 nm/s2 at 0S0 frequency (Rosat et al., 2005).
The datasets from 13 GGP sites—Canberra (CB, Australia);
Sutherland (SU, South Africa); Ny-Alesund (NY, Norway);
Medicina (MC, Italy); Membach (MB, Belgium); Stras-
bourg (ST, France); Vienna (VI, Austria); Syowa (SY,
Antarctica); Wettzell (WE), Bad-Homburg (BH) and Moxa
(M1) (all in Germany); Kamioka (KA) and Matsushiro
(MA) (both in Japan)—have been corrected for the local
tides (solid tides and oceanic loading) and atmospheric
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Table 1. Observed and predicted frequency and quality factor of 0S0.
0S0 frequency (mHz) Q
Weighted mean of 13 SG records of 2004 Sumatra event 0.8146566±1.6 10−6 5506±19
Buland et al. (1979) (from 6 IDA records of 1977 Indonesian event) 0.8146346±2.4 10−5 4100±1066
Riedesel et al. (1980) (stacking of 9 IDA records) 0.814664±3.3 10−6 5700±285
Knopoff et al. (1979); Zu¨rn et al. (1980) (from 2 ultra-long period seismographs) 0.814674±9.0 10−6 6687±869




Fig. 3. Plot of the (a) frequency estimates and (b) Q estimates at each SG site. The weighted mean of the observations is plotted in the blue line and the
PREM value in red.
pressure effect using a nominal admittance factor of −3
nm/s2/hPa. The pressure correction is essential to reduce
the noise level below 1 mHz (Zu¨rn and Widmer, 1995; Van
Camp, 1999; Rosat et al., 2003; Widmer-Schnidrig, 2003).
We have tested that the use of a nominal admittance in-
stead of the actual barometric admittance does not affect the
measured amplitude of 0S0. For the Chilean station Tiga-
Concepcion, continuous records were available up to Jan-
uary 1, following which gaps exist (in terms of several day
gaps); we therefore did not use data from this site. Un-
fortunately, at that time, the equatorial station Bandung in
Indonesia was out of order and, consequently, we have no
SG record at the equator.
The estimation of 0S0 frequency and Q using 34 days of
13 SG records is compared in Table 1 with PREM predic-
tions and with previous observations. The 34-day record
length is close to the 0.5-Q cycle for 0S0 which is the op-
timal data length to measure the normal mode amplitude
(Dahlen, 1982). The analysis method is similar to that
used in Rosat et al. (2005). At each SG site, the fre-
quency of 0S0 has been estimated by ﬁtting a Lorentzian
function (Dahlen and Tromp, 1998) to the Hanning tapered
FFT spectrum. The quality factor of 0S0 has been esti-
mated using a time-decay amplitude measurement (Roult
and Cle´ve´de´, 2000). The errors have been evaluated based
on the signal-to-noise ratio (SNR) following a method pro-
posed by Dahlen (1982). The weighted means have then
been computed. The new frequency and Q estimates of 0S0
are more precise than those reported in previous studies (Ta-
ble 1) because of the exceptionally large SNR of 0S0 after
the 2004 Sumatra event. 0S0 frequency and Q at each SG
site are plotted in Fig. 3.
The amplitude spectrum of 0S0 has also been measured
on 34-day records (from December 26 to January 28) at the
13 SG sites. Note that the spectral contamination from the
Hanning tapered spectrum of the nearby 0S5 mode can be
safely ignored, as 0S5 mode has a damping rate about 15-
fold faster (Q=355 for PREM model) than 0S0 and, con-
sequently, it will quickly decay and not affect the spectral
estimates using 34-day long data. The deviation from the
mean value is represented as a function of the site latitude
in Fig. 4 (black dots). The Esashi (Japan), Metsahovi (Fin-
land) and Wuhan (China) sites are not plotted here, as the
records are too noisy (error of 10% or more) due to some
instrumental and environmental disturbances.
The error bars in Fig. 4 correspond to the error in the
amplitude measurement of 0S0 due to the presence of noise.
The noise is the main source of error in 0S0 amplitude
measurement as SGs are well calibrated (see Discussion)
and, therefore, the noise effect has been estimated from
the SNR at each site. This error has been deﬁned as (s-
s0)/s0 where s is the measured amplitude of 0S0, and s0 is
the amplitude of 0S0 after subtracting the noise. We also
tested that the SNR of 0S0 is not improved and that the 0S0
amplitude deviations at the SG sites are the same for a data
period longer than 34 days and for different time-windows.
Because we consider the deviations of 0S0 amplitudes
from the mean amplitude for both the observations as well
as the predictions, the moment magnitude of the earthquake
and the normalization of 0S0 amplitudes used have no ef-
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Fig. 4. Observed (black dots) and predicted (blue triangles) amplitude deviations of 0S0 from the mean value at (a) 13 SG sites. The record length for
the observations is 34 days. For the European sites (EU) VI, ST, WE, BH, MB and M1, and for the Japanese sites (JA) KA and MA, we have plotted
the weighted mean; (b) zoom at mid-latitudes. The mean values for the observations and the predictions are different. 0S0 amplitude deviation for a
laterally homogeneous rotating elliptic Earth PREM model is also plotted as a function of latitude in purple. The error bars correspond to the effect
of the noise with their values in parentheses.
fect on the results. For this same reason, although the pre-
dictions give the initial amplitude of 0S0 at the time of the
earthquake, because the measured 0S0 spectral amplitude is
obtained from the spectrum of 34-day SG records, there is
no need to convert the observations to the initial excitation
time. Notice that in terms of the predictions, the mean value
has been computed from the predicted amplitudes at the SG
sites in the same way as for the observations. The mean
observed amplitude of 0S0 is 0.66 nm/s2.
4. Discussion
Calibration of the instrument is important in our compar-
ison of the 0S0 amplitude between the prediction and the ob-
servation. The SGs used in this study are well-calibrated us-
ing absolute gravimeters (e.g. Hinderer et al., 1991; Tamura
et al., 2005) and lie at or below Peterson’s low noise level
(Peterson, 1993) at periods longer than 1000 s (Banka and
Crossley, 1999; Rosat et al., 2004). In addition, the anti-
aliasing ﬁlters used for the acquisition at SG sites have a
gain of one at 0S0 frequency. Therefore, the calibration
value can be safely applied at 0S0 frequency. Indeed, the
calibration error is 0.6% for NY (Sato et al., 2006) and less
than 0.3% for the other SGs (e.g. Amalvict et al., 2001; Sato
et al., 2004). For the dual-sphere instruments at BH, WE
and SU, the difference between the amplitudes measured
from the lower and upper sphere records is also smaller
than the noise effect. Using seismometers records, Davis
(IRIS/IDA report, 2005) has observed about a 10% varia-
tion in the amplitude of 0S0 in the global seismic data; al-
though this is mainly due to calibration error, a portion is
also due to noise, and the remainder should then be real ef-
fects due to lateral heterogeneities, including rotation and
ellipticity.
As shown in Fig. 4, the predictions lie within the obser-
vation errors. SY is a very noisy site because of the tsunami
effect (Nawa et al., 2006). It is worth noting that KA and
MA, located only 80 km apart, show very consistent ampli-
tude deviations and are close to the predicted values. This
same tendency can be noted for the European sites. Based
on these results, we conclude that the observed values in the
northern hemisphere support the predicted longitude depen-
dency of 0S0 amplitude due to the lateral heterogeneities
inside the Earth. On the contrary, for the southern hemi-
sphere site, CB, the observed 0S0 amplitude deviation dif-
fers greatly from the predictions. Although the observa-
tion errors are still large, this difference may suggest that
seismic tomographic models are less reliable in the south-
ern Paciﬁc region than in the northern hemisphere, possi-
bly because of the sparse seismic station distribution. An-
other potential cause of the differences between SG obser-
vations and the predictions is that the tomographic model
SKS12WM13 used here is a model for shear wave veloc-
ity Vs. To extract the compressional wave velocity Vp and
the density perturbation ρ from Vs model, we have assumed
two scale relationships between Vp, Vs and ρ: d(ln Vp)/d(ln
Vs)=0.8 and d(ln ρ/d(ln Vs)=0.4. Ishii and Tromp (2001)
have claimed that near the core-mantle boundary beneath
central Paciﬁc and Africa, there are two large regions of
negative correlation between the density anomalies and S-
wave anomalies, i.e. denser but with lower seismic velocity.
There is a possibility that the difference between the obser-
vation and the prediction at CB site in Australia reﬂects the
inaccurate scale relationship used in the tomographic model
in this region.
A study of the sensitivity of the density structure on the
surface amplitudes of 0S0 is needed for further discussion.
Such a sensitivity study requires computing the 3D ampli-
tude kernels for the density (velocity) perturbations in the
southern Paciﬁc; hence, we have to study the kernel repre-
sentation of the coupled normal modes. Such a study re-
quires a theoretical development beyond the scope of our
paper. In addition, the low number of SGs on the Earth’s
surface and the observation errors do not enable us to dis-
cuss in any detail the differences between observed and pre-
dicted 0S0 amplitudes at the SG sites. However, we have
reported the ﬁrst evidence of the non-sphericity of 0S0 ob-
served directly from measurements and, based on the re-
sults, we can state that the precise measurement of normal
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mode amplitudes can provide some additional constraints
on the seismic models.
5. Conclusion
We have presented the ﬁrst observational evidence, sup-
ported by theoretical computation, of the geographical vari-
ation of 0S0 amplitude, which is directly attributable to the
accurate calibration and low noise level of SGs in the fre-
quency range below 1 mHz. The development of more SG
sites on the Earth’s surface is necessary in order to be able
to analyze further the latitude and longitude dependency of
0S0 amplitude with the aim of constraining the lateral het-
erogeneities inside the Earth. A theoretical study of the
horizontal component of the coupled 0S0 oscillation should
also highlight the non-sphericity pattern of 0S0.
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